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FIDELITY OF STATES IN INFINITE DIMENSIONAL QUANTUM
SYSTEMS
JINCHUAN HOU AND XIAOFEI QI
Abstract. In this paper we discuss the fidelity of states in infinite dimensional systems,
give an elementary proof of the infinite dimensional version of Uhlmann’s theorem, and then,
apply it to generalize several properties of the fidelity from finite dimensional case to infinite
dimensional case. Some of them are somewhat different from those for finite dimensional
case.
1. Introduction
In quantum mechanics, a quantum system is associated with a separable complex Hilbert
space H, i.e., the state space. A quantum state is described as a density operator ρ ∈
T (H) ⊆ B(H) which is positive and has trace 1, where B(H) and T (H) denote the von
Neumann algebras of all bounded linear operators and the trace-class of all operators T with
‖T‖Tr = Tr((T †T ) 12 ) < ∞, respectively. ρ is a pure state if ρ2 = ρ; ρ is a mixed state if
ρ2 6= ρ. Let us denote by S(H) the set of all states acting on H.
Recall also that the fidelity of states ρ and σ in S(H) is defined to be
F (ρ, σ) = Tr
√
ρ1/2σρ1/2. (1.1)
Fidelity is a very useful measure of closeness between two states and has several nice properties
including the Uhlmann’s theorem.
Uhlmann and co-workers developed Eq.(1.1) by the transition probability in the more gen-
eral context of the representation theory of C*-algebras [1, 2, 3]. The result in [1] (also ref.
[4]) implies that, if dimH <∞, then the equality
F (ρ, σ) = max |〈ψ|φ〉|, (1.2)
holds, where the maximization is over all purifications |ψ〉 of ρ and |φ〉 of σ into a larger system
of H⊗H. This result is then referred as the Uhlmann’s theorem. Eq.(1.2) does not provide a
calculation tool for evaluating the fidelity, as does Eq.(1.1). However, in many instances, the
properties of the fidelity are more easily deduced using Eq.(1.2) than Eq.(1.1). For example,
Eq.(1.2) makes it clear that 0 ≤ F (ρ, σ) = F (σ, ρ) ≤ 1; F (ρ, σ) = 1 if and only if ρ = σ.
In [5], Jozsa presented an elementary proof of the Uhlmann’s theorem without involving the
representation theory of C*-algebras. In this paper we will consider the fidelity of states in
infinite dimensional systems, give an elementary proof of the infinite dimensional version
of Uhlmann’s theorem, and then, apply it to generalize several properties of the fidelity
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from finite dimensional case to infinite dimensional case. Of course, not all results for finite
dimensional case can be generalized fully to infinite dimensional case. For example, in the
finite dimensional case, it is known that F (ρ, σ) = min{Em} F (pm, qm), where the minimum is
over all POVMs (positive operator-valued measure) {Em}, and pm = Tr(ρEm), qm = Tr(σEm)
are the probability distributions for ρ and σ corresponding to the POVM {Em}. However, this
is not true for infinite dimensional case. What we have is that F (ρ, σ) = inf{Em} F (pm, qm).
The infimum attains the minimum if and only if ρ and σ meet certain condition.
Let H be a complex Hilbert space, A ∈ B(H) and T ∈ T (H). It is well known from the
operator theory that |Tr(AT )| ≤ ‖AT‖Tr ≤ ‖A‖‖T‖Tr. This fact will be used frequently in
this paper.
2. Infinite dimensional version of the Uhlmann’s theorem and an elementary
proof
Recall that an operator V ∈ B(H) is called an isometry if V †V = I; is called a co-isometry
if V V † = I. If dimH =∞ and T ∈ B(H), then, by the polar decomposition, there exists an
isometry or a co-isometry V such that T = V |T |, where |T | = (T †T )1/2. Generally speaking,
V may not be unitary. In fact, there exists a unitary operator U such that T = U |T | if and
only if dimker T = dimkerT †. However, the following lemma says that it is the case if T is a
product of two positive operators.
Lemma 2.1. Let H be a Hilbert space and A,B ∈ B(H). If A ≥ 0 and B ≥ 0, then there
exists a unitary operator V ∈ B(H) such that AB = V |AB|.
Proof. We need only to show that dimkerAB = dimkerBA if both A and B are positive
operators.
Note that, since A ≥ 0 and B ≥ 0, we have
kerAB = kerB ⊕ kerA ∩ (kerB)⊥ (2.1)
and
kerBA = kerA⊕ kerB ∩ (kerA)⊥. (2.2)
Obviously, if dimkerA = dimkerB = ∞, then dimkerAB = dimkerBA = ∞; if A (or
B) is injective, then dimkerAB = dimkerBA = dimkerB (or dimkerAB = dimkerBA =
dimkerA).
Assume that dimkerA <∞ and dimkerB =∞. By Eqs.(2.1)-(2.2) we need only to check
that dimkerB ∩ (kerA)⊥ =∞. This is equivalent to show the following assertion.
Assertion. If B ≥ 0 and dimkerB =∞, then, for any subspace M ⊂ H with dimM⊥ <
∞, dim kerPMBPM |M =∞.
In fact, by the space decomposition H = M ⊕M⊥, we may write B =
(
B11 B12
B†12 B22
)
,
where B11 = PMBPM |M . Since B ≥ 0, there exists some contractive operator D such that
B12 = B
1/2
11 DB
1/2
22 (for example, see [6]). Thus
kerB = kerB11 ⊕ kerB22 ⊕ L,
where
L = {|x〉⊕|y〉 : |x〉 ∈ (kerB11)⊥, |y〉 ∈ (kerB22)⊥, B11|x〉+B12|y〉 = 0 andB†12|x〉+B22|y〉 = 0}.
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Note that dimkerB22 <∞ and dimL ≤ dim(kerB22)⊥ <∞, we must have dimkerB11 =∞.
Finally, assume that both kerA and kerB are finite dimensional. With respect to the space
decomposition H = (kerA)⊥ ⊕ kerA, we have
A =
(
A1 0
0 0
)
and B =
(
B11 B12
B†12 B22
)
.
As A1 is injective with dense range,
AB =
(
A1B11 A1B12
0 0
)
and BA =
(
B11A1 0
B†12A1 0
)
,
we see that
kerAB = {|x〉 ⊕ |y〉 : |x〉 ∈ (kerA)⊥, |y〉 ∈ kerA, B11|x〉+B12|y〉 = 0}
= (kerB11 ⊕ kerB12)
+{|x〉 ⊕ |y〉 : |x〉 ∈ (kerB11)⊥, |y〉 ∈ (kerB12)⊥, B11|x〉+B12|y〉 = 0}
and
kerBA = kerA⊕ {|x〉 : |x〉 ∈ (kerA)⊥ ∩ kerB11} = kerA⊕ kerB11.
Since dim{|x〉⊕|y〉 : |x〉 ∈ (kerB11)⊥, |y〉 ∈ (kerB12)⊥, B11|x〉+B12|y〉 = 0} ≤ dim(kerB12)⊥
and dimkerB12 + dim(kerB12)
⊥ = dimkerA, one gets
dimkerAB ≤ dimkerBA.
Symmetrically, we have dimkerBA ≤ dimkerAB, and therefore, dimkerAB = dimkerBA.
Complete the proof of the lemma. 
If dimH < ∞, then, for any T ∈ B(H), we have ‖T‖Tr = Tr(|T |) = max
U
{Tr(AU)},
where the maximum is over all unitary operators. This result is not valid even for trace-class
operators if dimH =∞. The next lemma says that the above result is true if the operator is
a product of two positive operators.
Lemma 2.2. Let H be a complex Hilbert space and A,B ∈ B(H). If A,B are positive and
AB ∈ T (H), then
‖AB‖Tr = Tr(|AB|) = max{Tr(ABU) : U ∈ U(H)}, (2.3)
where U(H) is the unitary group of all unitary operators in B(H).
Proof. For any unitary operator U ∈ U(H), we have
|Tr(ABU)| ≤ ‖U‖‖AB‖Tr = ‖AB‖Tr = Tr(|AB|).
On the other hand, by Lemma 2.1, there exists a unitary operator V such that AB = V |AB|.
Thus |AB| = V †AB and
‖AB‖Tr = Tr(|AB|) = Tr(V †AB) = Tr(ABV †).
Hence Eq.(2.3) holds. 
Lemma 2.3. Let H, K be separable infinite dimensional complex Hilbert spaces and A ∈
B(H), B ∈ B(K). Let {|i〉}∞i=1, {|i′〉}∞i=1 be any orthonormal bases of H, K respectively, and
U be the unitary operator defined by U |i〉 = |i′〉. For each positive integer N , let |mN 〉 =∑N
i=1 |i〉|i′〉. If A or B is a trace-class operator, then,
lim
N→∞
〈mN |A⊗B|mN 〉 = Tr(UA†U †B).
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Proof. Clearly, UA†U †B ∈ T (K) and
Tr(UA†U †B) =
∑
i,j
〈i′|UA†U †|j′〉〈j′|B|i′〉 =
∑
i,j
〈i|A†|j〉〈j′|B|i′〉,
which is absolutely convergent. Hence
lim
N→∞
N∑
i,j=1
〈i|A†|j〉〈j′|B|i′〉 = Tr(UA†U †B). (2.4)
On the other hand,
〈mN |A⊗B|mN 〉 =
N∑
i,j=1
〈j|〈j′|A⊗B|i〉|i′〉 =
N∑
i,j=1
〈j|A|i〉〈j′|B|i′〉 =
N∑
i,j=1
〈i|A†|j〉〈j′|B|i′〉.
So, by Eq.(2.4), one obtains that
lim
N→∞
〈mN |A⊗B|mN 〉 = Tr(UA†U †B),
as desired. 
The following is the infinite dimensional version of the Uhlmann’s theorem. Recall that a
unit vector |ψ〉 ∈ H ⊗K is said to be a purification of a state ρ on H if ρ = TrK(|ψ〉〈ψ|).
Theorem 2.4. Let H and K be separable infinite dimensional complex Hilbert spaces. For
any states ρ and σ on H, we have
F (ρ, σ) = max{|〈ψ|φ〉| : |ψ〉 ∈ Pρ, |φ〉 ∈ Pσ},
where Pρ = {|ψ〉 ∈ H ⊗K : |ψ〉 is a purification of ρ}.
Proof. Assume that ρ, σ ∈ S(H). Then there exist orthonormal bases of H, {|iH〉}∞i=1 and
{|i′H〉}∞i=1 such that ρ =
∑∞
i=1 pi|iH〉〈iH | and σ =
∑∞
i=1 qi|i′H〉〈i′H | with
∑∞
i=1 pi =
∑∞
i=1 qi = 1.
If |ψ〉, |φ〉 ∈ H ⊗ K are purifications of ρ, σ, respectively, then there exist orthonormal sets
{|iK〉}∞i=1 and {|i′K〉}∞i=1 in K such that |ψ〉 =
∑∞
i=1
√
pi|iH〉|iK〉 and |φ〉 =
∑∞
i=1
√
qi|i′H〉|i′K〉.
Pick any orthonormal bases {|i′′H 〉}∞i=1 of H and {|i′′K〉}∞i=1 of K. Let UH , UK , VH , VK be
partial isometries defined by respectively
UH |i′′H〉 = |iH〉, UK |i′′K〉 = |iK〉, VH |i′′H〉 = |i′H〉, VK |i′′K〉 = |i′K〉 (2.5)
for each i = 1, 2, . . .. For any integer N > 0, let
|mN 〉 =
N∑
i=1
|i′′H〉|i′′K〉.
Then
|ψN 〉 =
N∑
i=1
√
pi|iH〉|iK〉 =
N∑
i=1
√
ρ(UH ⊗ UK)|i′′H 〉|i′′K〉 = (
√
ρUH ⊗ UK)|mN 〉
and
|φN 〉 =
N∑
i=1
√
qi|i′H〉|i′K〉 =
N∑
i=1
√
σ(VH ⊗ VK)|i′′H〉|i′′K〉 = (
√
σVH ⊗ VK)|mN 〉.
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It follows from Lemma 2.3 that
|〈ψ|φ〉| = limN→∞ |〈ψN |φN 〉| = limN→∞ |〈mN |U †H
√
ρ
√
σVH ⊗ U †KVK |mN 〉|
= |Tr(UV †H
√
σ
√
ρUHU
†U †KVK)| ≤ ‖UHU †U †KVKUV †H‖Tr(|
√
σ
√
ρ|)
≤ Tr(|√σ√ρ|) = Tr
√
ρ1/2σρ1/2 = F (ρ, σ),
(2.6)
where U is the unitary operator defined by U |i′′H〉 = |i′′K〉. Therefore, we have proved that
F (ρ, σ) ≥ sup{|〈ψ|φ〉| : |ψ〉 ∈ Pρ, |φ〉 ∈ Pσ}.
Now, to complete the proof, it suffices to find |ψ〉 ∈ Pρ and |φ〉 ∈ Pσ such that |〈ψ|φ〉| =
F (ρ, σ).
By applying Lemma 2.1, we see that
√
σ
√
ρ has a polar decomposition
√
σ
√
ρ = U0|
√
σ
√
ρ|
with U0 a unitary operator.
Let {|iK〉}∞i=1 be an orthonormal basis of K and let |ψ〉 =
∑∞
i=1
√
pi|iH〉|iK〉 and |φ〉 =∑∞
i=1
√
qi|i′H〉|iK〉. Then |ψ〉 ∈ Pρ and |φ〉 ∈ Pσ. Let |i′′H〉 = |iH〉, |i′′K〉 = |iK〉, i = 1, 2 . . ..
Then, by Eq.(2.5), UH = I, UK = I, VH is a unitary operator determined by VH |iH〉 = |i′H〉.
Take |i′K〉 so that VK = UU †0VHU †. Then for such choice of |ψ〉 and |φ〉 we have
|〈ψ|φ〉| = limN→∞ |〈ψN |φN 〉| = limN→∞ |〈mN |√ρ
√
σVH ⊗ VK |mN 〉|
= |Tr(UV †H
√
σ
√
ρU †VK)| = |Tr(U †VKUV †HU0|
√
σ
√
ρ|)|
= |Tr(|√σ√ρ|)| = F (ρ, σ),
completing the proof. 
By checking the proof of Theorem 2.4, it is easily seen that the following holds.
Corollary 2.5. Let H and K be separable infinite dimensional complex Hilbert spaces. For
any states ρ and σ on H, we have
F (ρ, σ) = max{|〈ψ0|φ〉| : |φ〉 ∈ Pσ} = max{|〈ψ|φ0〉| : |ψ〉 ∈ Pρ},
where |ψ0〉 is any fixed purification of ρ of the form |ψ0〉 =
∑∞
i=1
√
pi|iH〉|iK〉 with {|iK〉} an or-
thonormal basis of K and |φ0〉 is any fixed purification of σ of the form |φ0〉 =
∑∞
i=1
√
qi|i′H〉|i′K〉
with {|i′K〉} an orthonormal basis of K.
The fidelity is not a distance because it does not meet the triangular inequality. However,
like to the finite dimensional case, by use of Theorem 2.4 and Corollary 2.5, one can show
that the are-cosine of fidelity is a distance.
Corollary 2.6. A(ρ, σ) =: arccosF (ρ, σ) is a distance on S(H).
Several remarkable properties of fidelity in finite dimensional case are still valid for infinite
dimensional case. For instance,
Monotonicity of the fidelity For any quantum channel E , we have
F (E(ρ), E(σ)) ≥ F (ρ, σ). (2.7)
Recall that a quantum channel is a completely positive and trace preserving linear map from
T (H) into T (K).
Strong concavity of the fidelity Let pi and qi be probability distributions over the same
index set, and ρi and σi states also indexed by the same index set. Then
F (
∑
i
piρi,
∑
i
qiσi) ≥
∑
i
√
piqiF (ρi, σi). (2.8)
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3. Connection to the classical fidelity and trace distance
If dimH < ∞, the quantum fidelity is related to the classical fidelity by considering the
probability distributions induced by a measurement. In fact [7, pp. 412]
F (ρ, σ) = min
{Em}
F (pm, qm), (3.1)
where the minimum is over all POVMs (positive operator-valued measure) {Em}, and pm =
Tr(ρEm), qm = Tr(σEm) are the probability distributions for ρ and σ corresponding to the
POVM {Em}.
It is natural to ask whether or not Eq.(3.1) is true if dimH = ∞? The following result is
our answer.
For a positive operator A ∈ B(H), with respect to the space decomposition H = (kerA)⊥⊕
kerA, A =
(
A1 0
0 0
)
, where A1 : (kerA)
⊥ → (kerA)⊥ is injective and hence A−11 makes
sense. In this paper, we always denote A[−1] for the may unbounded densely defined positive
operator defined by A[−1] =
(
A−11 0
0 0
)
with domain D(A[−1]) = ran(A) ⊕ kerA. Here
ran(A) stands for the range of A.
Theorem 3.1. Let H be a separable infinite dimensional complex Hilbert space. Then, for
any states ρ, σ ∈ S(H), we have
F (ρ, σ) = inf
{Em}
F (pm, qm), (3.2)
where the infimum is over all POVMs {Em}, and pm = Tr(ρEm), qm = Tr(σEm) are the
probability distributions for ρ and σ corresponding to the POVM {Em}. Moreover, the in-
fimum attains the minimum if and only if the operator M = ρ[−1/2]
√
ρ1/2σρ1/2ρ[−1/2] (may
unbounded) is diagonal.
Firstly, we need a lemma.
Lemma 3.2. Let H be an infinite dimensional complex Hilbert space. Assume that A ∈
T (H) and {Tn}∞n=0 ⊂ B(H). If SOT-limn→∞ Tn = T0, then limn→∞Tr(TnA) = Tr(T0A).
Here SOT means the strong operator topology.
Proof. As Tn converges to T0 under the strong operator topology, there is a constant d > 0
such that supn ‖Tn‖ ≤ d. For any ε > 0, there exists a finite rank projection Pε such that
‖A − PεAPε‖Tr < ε/(2d + 1) because A ∈ T (H). On the other hand, Pε is of finite rank,
together with SOT-limn→∞ Tn = T0, implies that
lim
n→∞
‖Pε(Tn − T0)Pε‖ = 0.
So, for above ε > 0, there exists some N such that
‖Pε(Tn − T0)Pε‖ < 1
(2d + 1)‖A‖Tr ε
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whenever n > N . Thus we have
|Tr((Tn − T0)A)| ≤ |Tr((Tn − T0)(A− PεAPε))|+ |Tr((Tn − T0)PεAPε)|
≤ ‖Tn − T0‖‖A − PεAPε‖Tr + ‖Pε(Tn − T0)Pε‖‖A‖Tr
< 2d‖A − PεAPε‖Tr + ε2d+1
< 2d2d+1ε+
ε
2d+1 = ε.
Therefore, limn→∞Tr(TnA) = Tr(T0A). 
Proof of Theorem 3.1. Let {Em} be a POVM. Then Em ≥ 0 and
∑
mEm = I, here the
series converges under the strong operator topology. By Lemma 2.1, there exists a unitary
operator U such that
√
ρ1/2σρ1/2 = U
√
σ
√
ρ. Thus, by the Cauchy-Schwarz inequality and
Lemma 3.2,
F (ρ, σ) = Tr(U
√
σ
√
ρ) =
∑
mTr(U
√
σ
√
Em
√
Em
√
ρ)
≤ ∑m√Tr(ρEm)Tr(σEm) =∑m√pmqm = F (pm, qm). (3.3)
Hence we have
F (ρ, σ) ≤ inf
{Em}
F (pm, qm).
Next we show that the equality holds in the above inequality, that is, Eq.(3.2) holds. By the
spectral decomposition, there is an orthonormal basis {|i〉}∞i=1 of H such that ρ =
∑
i ri|i〉〈i|
with
∑
i ri = 1. For any positive integer n, let Hn be the n-dimensional subspace spanned
by |1〉, |2〉, . . . , |n〉, and Pn be the projection from H onto Hn. Define ρn = α−1n PnρPn and
σn = β
−1
n PnσPn, where αn = Tr(PnρPn) and βn = Tr(PnσPn). Clearly, limn→∞ αn = 1,
limn→∞ βn = 1, SOT-limn→∞ ρn =SOT-limn→∞ PnρPn = ρ and SOT-limn→∞ σn =SOT-
limn→∞ PnσPn = σ. By [8], we see that limn→∞ ρn = ρ and limn→∞ σn = σ under the trace
norm topology. It follows that limn→∞
√
ρ
1/2
n σnρ
1/2
n =
√
ρ1/2σρ1/2 under the trace norm
topology, which implies that limn→∞ F (ρn, σn) = F (ρ, σ). So, for any ε > 0, there exists
some N1 such that
|F (ρ, σ)− αnβnF (ρn, σn)| < ε/2 (3.4)
whenever n > N1.
On the other hand, note that limn→∞
√
αnβnTr(ρPn) = 1 and limn→∞
√
αnβnTr(σPn) = 1.
Thus, for the above ε > 0, there exists some N2 such that
|1−
√
αnβnTr(ρPn)| < ε/2 and |1−
√
αnβnTr(σPn)| < ε/2 (3.5)
whenever n > N2.
Now, consider ρn and σn for n ≥ max{N1, N2}. With respect to the space decomposition
H = Hn ⊕ H⊥n , we have ρn =
(
ρ0 0
0 0
)
and σn =
(
σ0 0
0 0
)
, where ρ0, σ0 ∈ S(Hn).
Applying Eq.(3.1) to ρ0 and σ0, there exists POVM {E′m} ⊆ B(Hn) with
∑n
m=1E
′
m = In
such that
F (ρ0, σ0) =
n∑
m=1
√
Tr(ρ0E′m)Tr(σ0E
′
m).
Let Em = E
′
m ⊕ 0 and En+1 = I − Pn. It is obvious that
∑n+1
m=1Em = I and
F (ρn, σn) = F (ρ0, σ0) =
n∑
m=1
√
Tr(ρ0E′m)Tr(σ0E
′
m) =
n+1∑
m=1
√
Tr(ρnEm)Tr(σnEm).
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Now define Fm =
√
αnβnPnEmPn for m = 1, 2, · · · , n + 1 and F0 = I −
√
αnβnPn. It is
clear that {Fm} is a POVM. Furthermore∑n+1
m=1
√
Tr(ρFm)Tr(σFm) =
∑n+1
m=1
√
αnβnTr(PnρPnEm)Tr(PnσPnEm)
=
∑n+1
m=1
√
αnβn
√
αnTr(ρnEm)βnTr(σnEm)
=
∑n+1
m=1 αnβn
√
Tr(ρnEm)Tr(σnEm)
= αnβnF (ρn, σn).
(3.6)
Hence, by Eqs.(3.4)-(3.6), we get
|F (ρ, σ) −∑n+1m=0√Tr(ρFm)Tr(σFm)|
≤ |F (ρ, σ) −∑n+1m=1√Tr(ρFm)Tr(σFm)|+√Tr(ρF0)Tr(σF0)
= |F (ρ, σ) − αnβnF (ρn, σn)|+
√
(1−√αnβnTr(ρPn))(1−
√
αnβnTr(σPn))
< ε/2 + ε/2 = ε.
Thus we have proved that, for any ε > 0, there exists some POVM {Fm} such that
F (pm, qm) < F (ρ, σ) + ε,
where pm = Tr(ρFm), qm = Tr(σFm) are the probability distributions for ρ and σ correspond-
ing to the POVM {Fm}. So Eq.(3.2) is true.
It is clear that the infimum of Eq.(3.2) attains the minimum if and only if there exists a
POVM {Em} such that the Cauchy-Schwarz inequality is satisfied with equality for each term
in the sum of Eq.(3.3), that is, √
Em
√
ρ = λm
√
Em
√
σU † (3.7)
for some set of numbers λm ≥ 0. Note that
√
ρ1/2σρ1/2 = U
√
σ
√
ρ =
√
ρ
√
σU †, we get that
the range of
√
ρ1/2σρ1/2 is contained in the range of ρ1/2 and hence
√
σU † = ρ[−1/2]
√
ρ1/2σρ1/2. (3.8)
Substituting Eq.(3.8) into Eq.(3.7), we find that√
Em
√
ρ = λm
√
Emρ
[−1/2]
√
ρ1/2σρ1/2 (3.9)
for each m. It follows that
√
Em
√
ρ 6= 0 ⇒ λm 6= 0. While, if
√
Em
√
ρ = 0, one may take
λm = 0. Let H0 = span{ran(
√
Em) :
√
Em
√
ρ = 0}, and P0 be the projection onto H0. Then,
Eq.(3.9) implies that Eq.(3.7) is equivalent to√
Em(I − P0 − λmM) = 0 (3.10)
holds for all m, where M = ρ[−1/2]
√
ρ1/2σρ1/2ρ[−1/2] (may unbounded). Now it is easily
seen that the closure of ran(
√
Em) reduces M to the scalar operator λ
−1
m if
√
Em
√
ρ 6= 0,
and kerM = H0. Thus 0, λ
−1
m ∈ σp(M), the point spectrum (i.e., eigenvalues) of M . Since∑
mEm = I, we see that
∑
m ran(
√
Em) = H and the spectrum of M , σ(M) ⊆ cl {0, λ−1m } =
cl σp(M). So M must be diagonal. Conversely, if M is diagonal, say M =
∑
m γm|m〉〈m|
with {|m〉} an orthonormal basis of H. Let λm = γ−1m if γm 6= 0; λm = 0 if γm = 0.
Then the POVM {Em = |m〉〈m|} satisfies Eq.(3.10) and thus Eq.(3.9). Hence F (ρ, σ) =∑
m
√
Tr(ρEm)Tr(σEm) = F (pm, qm). This completes the proof. 
Remark 3.3. There do exist some ρ and σ such that there is no POVM {Em} satisfying
F (ρ, σ) =
∑
m
√
Tr(ρEm)Tr(σEm). For example, let H = L2([0, 1]) and Mt the operator
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defined by (Mtf)(t) = tf(t) for any f ∈ H. Then Mt is positive and is not diagonal because
σ(Mt) = [0, 1] and the point spectrum σp(Mt) = ∅. Let ρ ∈ S(H) be injective as an operator.
Then d = Tr(M2t ρ) 6= 0. Let M = d−1Mt and σ =MρM . As Tr(M2ρ) = 1, σ is a state. Now
it is clear that M = ρ−1/2
√
ρ1/2σρ1/2ρ−1/2, which is not diagonal. Thus by Theorem 3.1, the
infimum in Eq.(3.2) does not attain the minimum.
For two states ρ and σ, recall that the trace distance of them is defined by D(ρ, σ) =
1
2‖ρ − σ‖Tr. By use of Uhlmann’s theorem and Eq.(3.1), it holds for finite dimensional case
that
1− F (ρ, σ) ≤ D(ρ, σ) ≤
√
1− F (ρ, σ)2. (3.11)
This reveals that the trace distance and the fidelity are qualitatively equivalent measures of
closeness for quantum states. Now Theorem 3.1 allows us to establish the same relationship
between fidelity measure and trace distance measure for states of infinite dimensional systems.
Theorem 3.4. Let H be an infinite dimensional separable complex Hilbert space. Then
for any states ρ, σ ∈ S(H), the inequalities in Eq.(3.11) hold.
Proof. Firstly, it is obvious that if both ρ = |a〉〈a| and σ = |b〉〈b| are pure states, then
D(ρ, σ) = D(|a〉, |b〉) =√1− F (|a〉, |b〉)2 =√1− F (ρ, σ)2. (Ref. [7, pp. 415] for a proof that
is valid for both finite and infinite dimensional cases.)
Let ρ and σ be any two states, and let |ψ〉 and |φ〉 be purifications chosen such that
F (ρ, σ) = |〈ψ|φ〉| by Theorem 2.4. Since the trace distance is non-increasing under the partial
trace, we see that
D(ρ, σ) ≤ D(|ψ〉, |φ〉) =
√
1− F (|ψ〉, |φ〉)2 =
√
1− F (ρ, σ)2.
This establishes the inequality
D(ρ, σ) ≤
√
1− F (ρ, σ)2. (3.12)
To see the other inequality of Eq.(3.11) is true, Theorem 3.1 is needed.
For any given ε > 0, by Theorem 3.1, we may take a POVM {Em} such that
F (ρ, σ) ≤ F (pm, qm) =
∑
m
√
pmqm < F (ρ, σ) + ε, (3.13)
where pm = Tr(ρEm) and qm = Tr(σEm) are the probabilities for obtaining outcome m for
the states ρ and σ, respectively. Observe that, for both finite and infinite dimensional cases,
we have
D(ρ, σ) = max
{Em}
D(pm, qm), (3.14)
where D(pm, qm) =
1
2
∑
m |pm − qm| and the maximun is over all POVM {Em}. It follows
from Eq.(3.14) and∑
m
(
√
pm −√qm)2 =
∑
m
pm +
∑
m
qm − 2F (pm, qm) = 2(1 − F (pm, qm)),
that
2(1 − F (ρ, σ)) − 2ε < 2(1 − F (pm, qm)) =
∑
m(
√
pm −√qm)2
≤ ∑m |√pm −√qm|(√pm +√qm) =∑m |pm − qm|
= 2D(pm, qm) ≤ 2D(ρ, σ).
Thus we have proved that
(1− F (ρ, σ)) − ε < D(ρ, σ)
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holds for any ε > 0. This forces that
1− F (ρ, σ) ≤ D(ρ, σ),
which, combining the inequality (3.12), completes the proof of the theorem. 
4. Fidelities connected to channels
For finite dimensional case, ensemble average fidelity and entanglement fidelity are two
kinds of important fidelities connected to a quantum channel. In this section we give the
definitions of ensemble average fidelity and entanglement fidelity connected to a quantum
channel for an infinite dimensional system, and discuss their relationship.
Let H be an infinite dimensional separable complex Hilbert space. Recall that a quantum
channel E : T (H) → T (H) is a trace preserving completely positive linear map. Like the
finite dimensional case, for such quantum channel E and a given ensemble {pj , ρj}∞j=1, one
can define ensemble average fidelity by
F =
∑
j
pjF (ρj , E(ρj))2. (4.1)
Similarly, for a state ρ, one can define the entanglement fidelity by
F (ρ, E) = F (|ψ〉, (E ⊗ I)(|ψ〉〈ψ|))2
= 〈ψ|(E ⊗ I)(|ψ〉〈ψ|)|ψ〉, (4.2)
where |ψ〉 ∈ H⊗H is a purification of ρ. Note that the definition F (ρ, E) does not depend on
the choices of purifications. To see this, let |ψ〉 = ∑j√pj|j〉|µj〉 be any purification, where
{j} is an orthonormal basis and {µj} is an orthonormal set of H. By [9], there exists a
sequence of operators {Ei} ⊆ B(H) with
∑
iE
†
iEi = I such that
E(σ) =
∑
i
EiσE
†
i for all σ ∈ S(H).
Thus
F (ρ, E) = ∑i〈ψ|(Ei ⊗ I)(|ψ〉〈ψ|)(E†i ⊗ I)|ψ〉
=
∑
i〈ψ|
∑
j,k
√
pjpk(Ei ⊗ I)(|j〉|µj〉〈k|〈µk|)(E†i ⊗ I)|ψ〉
=
∑
i
∑
j,k pjpk〈j|Ei|j〉〈k|E†i |k〉
=
∑
i |Tr(Eiρ)|2,
(4.3)
which is dependent only to ρ and E .
In the sequel we will give some properties of entanglement fidelity for infinite dimensional
systems.
Firstly note that, by monotonicity of the fidelity Eq.(2.7), it is easily checked that
F (ρ, E) ≤ [F (ρ, E(ρ))]2. (4.4)
Proposition 4.1. Let H be an infinite dimensional separable complex Hilbert space. As-
sume that E : T (H) → T (H) is a quantum channel and ρ ∈ S(H). Then the entanglement
fidelity F (ρ, E) is a convex function of ρ.
Proof. Take any states ρ1, ρ2 ∈ S(H). Define a real function f : R→ R by
f(x) ≡ F (xρ1 + (1− x)ρ2, E), ∀x ∈ R.
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By using of Eq.(4.3) and elementary calculus, one sees that the second derivative of f is
f ′′(x) =
∑
i
|Tr((ρ1 − ρ2)Ei)|2.
Hence f ′′(x) ≥ 0, which implies that F (ρ, E) is convex, as desired. 
Proposition 4.2. Let H be an infinite dimensional separable complex Hilbert space. As-
sume that E : T (H) → T (H) is a quantum channel. Then for any given ensemble {pj, ρj},
we have F (
∑
j pjρj, E) ≤ F .
Proof. For any k ∈ N, let λk =
∑k
j=1 pj. Then, by Proposition 4.1, we have
F (
∑
j pjρj , E) = F (λk(
∑k
j=1
pj
λk
ρj) + (1− λk)(
∑∞
j=k+1
pj
1−λk
ρj), E)
≤ λkF (
∑k
j=1
pj
λk
ρj, E) + (1− λk)F (
∑∞
j=k+1
pj
1−λk
ρj , E)
≤ λk
∑k
j=1
pj
λk
F (ρj , E) + (1− λk)F (
∑∞
j=k+1
pj
1−λk
ρj , E)
=
∑k
j=1 pjF (ρj , E) + (1− λk)F (
∑∞
j=k+1
pj
1−λk
ρj , E).
(4.5)
Note that 0 ≤ F (ρ, E) ≤ 1 and limk→∞ λk =
∑∞
j=1 pj = 1. So
lim
k→∞
(1− λk)F (
∞∑
j=k+1
pj
1− λk ρj, E) = 0.
Thus, for any ε > 0, there exists some N such that
(1− λk)F (
∞∑
j=k+1
pj
1− λk ρj , E) < ε (4.6)
whenever k > N . It follows from Eq.(4.5) that
F (
∑
j
pjρj, E) <
∞∑
j=1
pjF (ρj , E) + ε.
By the arbitrariness of ε and Eq.(4.4), we obtain that
F (
∑
j pjρj, E) ≤
∑∞
j=1 pjF (ρj , E)
≤ ∑∞j=1 pjF (ρj , E(ρj))2 = F,
Completing the proof. 
5. Conclusion
In this paper we prove the infinite dimensional version of the Uhlmann’s theorem by an
elementary approach, which states that the fidelity of states ρ and σ is larger than or equal
to the absolute value of the inner product of any purifications |ψ〉 and |φ〉 of ρ and σ, i.e.,
F (ρ, σ) ≥ |〈ψ|φ〉|; moreover, there exist some purifications such that the equality holds. This
allows us to generalize a large part of the results concerning fidelity for finite dimensional
systems to that for infinite dimensional systems. We also discuss the relationship between
quantum fidelity and classical fidelity and show that F (ρ, σ) = inf{Em} F (pm, qm). Not like to
that of finite dimensional case, the infimum can not attain the minimum in general. We give
a necessary and sufficient condition for the infimum attains the minimum. Using this result,
we find that the fidelity and the trace distance are equivalent in describing the closeness of
states. The concepts of ensemble average fidelity and entanglement fidelity for a channel are
generalized to infinite dimensional case. The relationship of such two fidelities is discussed.
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